A general theoretical framework is derived for the recently developed multi-state trajectory (MST) approach from the time dependent Schrödinger equation, resulting in equations of motion for coupled nuclear-electronic dynamics equivalent to Hamilton dynamics or Heisenberg equation based on a new multistate Meyer-Miller (MM) model. The derived MST formalism incorporates both diabatic and adiabatic representations as limiting cases, and reduces to Ehrenfest or Born-Oppenheimer dynamics in the mean field or the single state limits, respectively. By quantizing nuclear dynamics to a particular active state, the MST algorithm does not suffer from the instability caused by the negative instant electronic population variables unlike the standard MM dynamics. Furthermore the multistate representation for electron coupled nuclear dynamics with each state associated with one individual trajectory presumably captures single state dynamics better than the mean field description. The coupled electronic-nuclear coherence is incorporated consistently in the MST framework with no ad-hoc state switch and the associated momentum adjustment or parameters for artificial decoherence, unlike the original or modified surface hopping treatments. The implementation of the MST approach to benchmark problems shows reasonably good agreement with exact quantum calculations, and the results in both representations are similar in accuracy. The active state trajectory (AST)
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I. Introduction
Nonadiabatic dynamics involving transitions among multiple states is crucial to many key molecular processes in the fields of chemistry, biology and materials. A variety of theoretical methods [1] [2] [3] [4] have been developed to describe nonadiabatic dynamics at the molecular level aiming to provide physical insights into related processes, among which mixed quantum-classical methods such as Ehrenfest dynamics, [5] [6] [7] [8] [9] [10] [11] surface hopping, [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] , extended Born-Oppenheimer (BO) dynamics, [28] [29] [30] [31] quantum-classical Liouville dynamics, [32] [33] [34] [35] [36] wave-packet-based methods, [37] [38] [39] [40] [41] [42] [43] [44] quantum trajectory methods, [45] [46] [47] [48] semiclassical approaches, [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] path-integral-derived methods, [61] [62] [63] and recently developed symmetrical quasiclassical (SQC) Meyer-Miller (MM) approaches, [64] [65] [66] [67] [68] [69] [70] [71] to name a few, have great potential in practical implementations. However, performing efficient and accurate nonadiabatic dynamics simulations of large molecular systems is still a challenge.
One requirement to achieve the desired accuracy in nonadiabatic molecular dynamics simulations is to treat the coupled electronic-nuclear coherence properly.
Ehrenfest dynamics overestimates electronic coherence and nuclear trajectories always evolve on an average potential energy surface of multiple states. Surface hopping (in particular in Tully's fewest switches formulation 12 ) propagates nuclear dynamics on a single state except for a stochastically local state switch based on a hopping criterion therefore avoids the incorrectness of the mean field description on nuclear motions in the asymptotic regime. Surface hopping is certainly very useful and popular due to its simplicity. However it also suffers from the problem of 4 / 41 overcoherence, not because of running electronic dynamics coherently, but due to the overestimation of nuclear coherence since the interstate couplings are evaluated by the single state trajectory locally and the coupled electronic dynamics is propagated incorrectly (see discussions below). Extensive studies 9, [16] [17] [18] [19] [20] [21] have been devoted to introduce decoherence to either electronic dynamics or nuclear motions, by adding a decoherence term to account for the electronic-nuclear couplings, 9 or interstate nuclear coherence related to the Frank-Condon factor [16] [17] [18] [19] [20] 51 or nuclear phase. 21 Most of these efforts focus on the determination of a phenomenological decay time for the decoherence term.
Developed nearly forty years ago, the original MM approach 50 maps electronic degrees of freedom (DOFs) into classical variables resulting in a consistent treatment on both electronic and nuclear DOFs at the same dynamical footing thus has the advantage of properly describing electronic-nuclear coherence in nonadiabatic dynamics. In combination with the semiclassical (SC) initial value representation (IVR), 72 the MM approach has been implemented to a variety of nonadiabatic processes [57] [58] [59] [60] [61] [62] with a great success. However the computational cost of the SC-IVR treatment is still expensive for large systems if no further approximation is made. For example, it has been shown 73 that by means of an efficient correlated importance sampling scheme, the SC-IVR/MM method is capable of describing a model photosynthesis system consisting of two states and ten bath modes at the full semiclassical level. Very recently Miller and coworkers proposed the SQC/MM approach [64] [65] [66] [67] to allow nonadiabatic dynamics simulations of complex molecular 5 / 41 systems [68] [69] [70] [71] to be performed at the quasiclassical level as efficient as classical molecular dynamics simulations. One major problem with the MM model and related nonadiabatic simulation methods is the mean field description on nuclear dynamics, i.e. nuclear motions are governed by an averaged force of multiple potential energy surfaces weighted by the corresponding electronic population variables. Since the instant electronic population variable of an individual trajectory may be negative, the MM trajectory could be unstable and the algorithm becomes numerically inefficient.
In the hope of finding a better way to deal with realistic molecular systems, recently we proposed a multi-state trajectory (MST) approach 74 Because surface hopping especially FSSH is so popular that continuous efforts 13, 24, 47 have been made on the derivation of surface hopping algorithm. One conventional way 3, 13, 47, 48 to achieve classical or classical-like dynamics from a full quantum description, say Schrödinger equation, is to apply Bohm's formulation 76 using a polar representation of nuclear wave function. The resulting Bohmian dynamics features a quantum potential, which is suggested to be a key factor in reproducing the full nuclear quantum effect. Following these pioneer work, 3, 13, 47, 48 we also adopt the Bohm's formulation in the derivation of our (electronic coupled) nuclear dynamics. However, our strategy is different. In the MST representation, the nuclear trajectory associated with the corresponding state equivalently defines an adiabatic nuclear basis, and the time evolution of the system is performed by the unitary transformation of the system Hamiltonian. Such a Heisenberg picture results in nuclear equations of motion (EOM) free of nuclear state mixing 3, 13, 40, 47, 48 and the consequent numerical instability, 40, 47 unlike that in the conventional treatment. Note that the adiabatic nuclear basis here we used is different from the electronically adiabatic representation, so that our dynamics is fully represented by a set of electronic-nuclear coupled equations, unlike the extended BO dynamics. 29, 30 There are quite a few multiple trajectory methods 20, 21, [40] [41] [42] [43] [44] 77 to be implemented to a variety of models systems successfully. For example, Shenvi, Subtonik, and Yang proposed the phase corrected surface hopping approach 21 and Adhikari and coworkers
developed the time-dependent discrete variable representation (TDDVR), 42, 43 and both produce results in excellent agreement with exact calculations on Tully's models.
However previous work on surface hopping with multiple trajectories either focuses on the evaluation of the decoherence time instead of dynamics, 20 or introduces an intuitively derived momentum dependent Hamiltonian. 21 12 the quasi-Jahn-Teller problem 28 and a spin-boson problem 23 are presented in Sec. III along with computational details. Sec. IV provides results and discussions on the implementation of the MST and MST-AI to benchmark problems, which is summarized in Sec. V.
II. Theory
We start from writing the total nuclear-electronic wavefunction in a multistate
where is the total wavefunction, are the complex coefficient, the normalized electronic wavefunction, and the normalized nuclear wavefunction for the state k, respectively, and F is the number of the state of the system. 
where the electronic coefficient matrix ,
and .
(8c)
The EOM for the coupled nuclear-electronic dynamics may alternatively be obtained from Heisenberg equation 27, 80 ,
.
(9d)
It is interesting to see that the mean field Ehrenfest description 5 and Born-Oppenheimer (BO) dynamics 81 can be obtained as limiting cases 74 
,
Eqs. 11c-e are the Hamiltonian, and EOM for BO dynamics.
For coupled nuclear-electronic dynamics, it is essential to describe coherence properly. 82 ensemble of semiclassical trajectories, as normally adopted in the SCIVR methods. 72 Under the assumption that the multistate trajectory is purely classical with no nuclear phase, Eq. S8a may still provide a good approximation comparably with the localized classical description in surface hopping.
Once the mixed quantum-classical or quasi-classical approximations are applied, the accuracy of description of inter-state couplings and nuclear dynamics may depends on which representation is used, either adiabatic or diabatic. 4 In the diabatic representation, the inter-state couplings (off-diagonal Hamiltonian matrix elements) are inherently nonlocal; by contrast in the adiabatic representation, the inter-state couplings contain local gradient operators. Therefore presumably a local classical treatment on nuclear dynamics would be more accurate in the adiabatic representation than that in the diabatic representation, which is consistent with the experience on the implementation of surface hopping. 4 For the quasiclassical approximation of the MST approach, we expect a similar trend (see below). In the standard version of MST, we adopt the following treatments:
in the adiabatic representation, and ,
in the diabatic representation. Here we make it sure the system Hamiltonian is
Hermitian. This construction assures the microscopic reversibility holds.
To properly describe the wave function bifurcation upon nonadiabatic transitions, direct treatments were proposed such as wave function spawning, 20 The AST dynamics is fully electronic-nuclear coupled whereas in surface hopping nuclear dynamics (being purely classical) is decoupled from electronic dynamics.
Moreover the state switch criteria in AST (and MST) is based on the quantization of instantaneous electronic population using the windowing technology rather than the interstate couplings in surface hopping, the latter of which is not a perfect measure for hopping since sometimes the hop may be unsuccessful therefore further ad hoc treatment has to be introduced to account for the true transition probability. By contrast, every success switch (reading from the window function) is guaranteed by the coupled electronic-nuclear dynamics so that no extra momentum adjustment is required, unlike that in surface hopping. In another word, the AST picture provides an illustrative understanding of surface hopping, which we believe a better way than constructing a theoretical derivation for the original ad hoc hopping criteria.
Although our derivation for the MST approach starts from time dependent Schrödinger equation, the idea is closely related to the MM model and its implementation to realistic molecular systems. Indeed electronic dynamics and the quantization of nuclear dynamics are essentially the same as in the standard MM framework 50 and the related SQC approach. 65 The major difference between the MST approach and other methods based on the MM model is the way to treat nuclear dynamics and the MST trajectory is state-specific instead of Ehrenfest, 74 This is similar to the SQC approach, in which proper electronic populations could be recovered by quantizing the Ehrenfest trajectory on the active state only.
III. Computational details
The MST and its variants are applied in both diabatic and adiabatic representations to Tully's three two-state models. 12 The corresponding potentials in both diabatic and adiabatic representations are shown in Figure S1 . The nuclear mass is 2000 a.u., and the initial wave function is a coherent state located on the lower state
with the initial position 0 Q = -20 a.u. and the width 0 / 20 P   . 12 The exact quantum calculations for the benchmark model system were performed on a grid of 2000-9000 points with a spacing of 0.032 a.u. by using the discrete variable representation (DVR) method. 85 For the MST simulations, normally 9600 trajectories are enough to achieve well converged results in both the standard MST and MST-AI treatments although the convergence of the latter is not as good as that of the former. The time step is 5 a.u. and 1 a.u. in the standard MST and MST-AI simulations, respectively, which satisfies the convergence check.
Another common type of interesting nonadiabtic problems involves conical intersection in which the interstate couplings vanish in the regime where different states are degenerate therefore nonadiabatic couplings diverges. Here we consider a quasi-Jahn-Teller model 28, 30, 43 of scattering processes for a two state and two dimensional system. The two adiabatic potential energy surfaces are:
Here R and r are coordinates representing the reactive and internal DOF, respectively.
They can be written in terms of polar coordinates as the follows:
The corresponding diabatic states are defined as:
; ;
(17c)
The model parameters 28, 43 are .
The third model we consider in this work is a spin-boson problem 23 
IV. Results and Discussion
The standard MST approach and its variants are tested in both diabatic and adiabatic representations on Tully's models. The calculated transmission probabilities for the single and dual avoided crossing problems are shown in Figures S2 and S3, respectively. In both cases, the standard MST approach provides results in reasonably (Fig. 1a) . Therefore the sum of reflection probabilities of two channels is also well reproduced by the MST-QC.
However, MST-QC does not allow for the second nonadiabatic transition due to the diverged nuclear trajectories on different states, resulting in a vanished ground state reflection i.e. , and an overestimated reflection probability of the excited state (Fig. 1b) . The full nuclear dynamics Eq. S9 does not predict correctly the upper state transmission probability , and the total reflection probability in the high momentum regime. And the effect of local approximation is negligible. Figure 1 . Extended coupling problem. Transmission probability for state 1 (T1) and state 2 (T2) obtained from various MST treatments (full nuclear dynamics Eq. S9, fn, red circles; quasiclassical approximations Eq. S11, qc, blue squares; their combination with local approximation: Eq. S9 with Eq. S12, fnloc, cyan triangle; Eq. S11 with Eq. S12, qcloc, pink inverted triangle; and AI, green stars) are compared with quantum calculations (black lines, QM). (a) Transmission probability for state 1 (T1) and state 2 (T2); (b) reflection probability for state 1 (R1) and state 2 (R2).
By introducing an augmented image, the interstate couplings are determined by local properties and can be well approximated even when the trajectories on inactive states move far away from the nonadiabatic coupling region so that MST-AI can provide a better description on nonadiabatic transitions especially for those bounced trajectories. Consequently the reflection probability is better reproduced, as shown in R is a bit underestimated and appears roughly the same as 1 1 R . The discrepancy from the exact results may be related to the classical trajectories used in the MST approach, and the prediction may be improved if multiconfigurations are used for each individual trajectory. 28, 29, 60 The oscillation of the reflection probabilities in the low momentum regime is due to the nuclear coherence overestimation similar to that in surface hopping although here it is much depressed. Note that MST-AI also predicts transmission probabilities nearly the same as the standard MST-QC approach (see Fig. 1a ). To better evaluate the performance of the MST and its related approaches, we examine the time-dependent transition probabilities in both diabatic and adiabatic representations. Figure 2 Figure 4 and . When the initial momentum is small, ex. P 0 = 3.0 a.u., the nonadiabatic effect is small. Most trajectories travel through the nonadiabatic coupling region and continue to move forward with only a small fraction of trajectories transit to the excited state and eventually bounce back (see Fig. 4a ). In this case, both the standard MST-QC and MST-AI work reasonably well. As the initial momentum increases, ex. P 0 = 10.0 a.u., nonadiabatic transition becomes appreciable and the exact ground (excited) state reflection probability first decreases (increases) corresponding to the first nonadiabatic transition then increases (decreases) by some amount due to the second transition from the excited state to the ground state as the returned trajectory passes through the coupling region again (see Fig. 4b ). Both the standard MST-QC and the MST-AI approaches produce nearly identical results in quantitative agreement with exact quantum calculations before the second transition, however the former fails to predict the second transition due to the insufficient estimation on the nonadiabatic coupling and all reflected trajectories stay 27 / 41 on the excited state. By contrast, the MST-AI treatment is able to reproduce the reflection probabilities at least qualitatively correctly even though there is still room for improvement.
When the initial momentum approaches the threshold (P th = 28.3 a.u.), ex. P 0 = 20.0 a.u., between the first and second nonadiabatic transitions, a fraction of trajectories are able to climb up along the excited state potential and return before reaching the top of the barrier indicated by the dip and small peak in the excited state reflection and transmission probabilities around t = 2000 a.u. (see Fig. S4a ). This feature and the first transition are well reproduced by both the standard MST and MST-AI treatments, and they produce different results mainly for the second transition, in a similar way as the case in Fig. 4b .
Once the momentum threshold is reached, transmissions on both states are allowed, and the reflection probability becomes small (see Fig. S4b ). Both the MST-QC and MST-AI approaches perform pretty well again, presumably due to the small contribution from the multiple nonadiabatic transitions. For a high initial momentum such as P 0 = 30.0 a.u., the excited state transmission probability and the corresponding reflection probabilities reach a plateau before the equilibrium population is achieved at very long times. Therefore a large grid size of the system is required to produce corrected quantum results. This also exemplifies that better understandings of nonadiabatic processes could be achieved by real time dynamics rather than a single value of equilibrium or steady-state quantity such as transition probability.
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Next we apply the MST approach to a two-state 2D quasi-Jahn-Teller problem.
The system starts initially from the first adiabatic state in the positive R region of the R-r plane with an initial momentum in the negative R direction. As time involves, the time-dependent nonreactive probability (R>0) and reactive probability (R<0) are calculated. Figure 5 compares the results obtained from the MST and MST-AI approach along with the exact quantum DVR calculations. In diabatic representation ( Fig. 5a ), the standard MST method is capable of describing the passage of the system across the conical intersection qualitatively well, and the calculated probability show a dip in the nonreactive channel (a bump in the corresponding reactive channel) then reaching a similar plateau. The AI results also capture the transition dynamics however the amount is underestimated. By contrast, in adiabatic representation (Fig.   5b ), the AI approach reproduces the quantum results almost perfectly. The standard MST tends to overestimate the transition probability. To do a further check, we change the initial condition of the system from a pure adiabatic state to a mixed state with an equal probability on both adiabatic states, and the results are shown in Figure   5c . Again the AI approach performs very well with the results are nearly identical to the exact calculations. The standard MST also shows excellent agreement with the quantum prediction for the early transition but underestimate the asymptotic probabilities. Our results here are comparable with the previous TDDVR work (see Let us now consider a spin-boson problem in the nonadiabatic Marcus regime, which has been shown to be a strong test for the validity of detailed balance. 23 approach. 84 It is clear that both AI and CC approaches satisfy detailed balance quite well. Even the standard MST and SQC also seem to recover detailed balance at long times. It worth noting that in comparison the Marcus result (presumably accurate in this regime) the standard MST and SQC predict much slower dynamics, which deserves further investigations. 
V. Conclusions
In summary, the recently developed MST approach was derived in a general and In conclusion, the MST approach (especially its quasi-classical version and the derived AI version) features at least two notable advantages: consistent description of coupled electronic-nuclear dynamics and excellent numerical stability. Therefore it 34 / 41 seems very promising to provide a practically efficient way for nonadiabatic dynamics simulations of realistic molecular systems, including ab inito molecular dynamics, which will be the future work.
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